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ABSTRACT

In 1978, Freud, Giroux and Rahman established a weighted L; Jackson
theorem for the weight exp(—|xz|) on the real line, using methods that
work only in L;. This weight is somewhat exceptional, for it sits on
the boundary between weights like exp(—|z|*), a > 1, where weighted
polynomials are dense, and the case o < 1, where weighted polynomials
are not dense. We obtain the first L, Jackson theorem for exp(~—|z|), valid
in all Ly, 0 < p < 00, as well as for higher order moduli of continuity. We
also establish a converse Bernstein type theorem, characterizing rates of
approximation in terms of smoothness of the approximated function.

1. Statement of results

Let W: R — (0,00). Bernstein’s Approximation Problem asks when is it true
that for every continuous f: R — R with

lim (fW)(z) =0,

|lzj—o00
there exist a sequence of polynomials {P,}%2, with
lim [|(f = Po)W|L..®) =0
n—o0

This problem was resolved independently by Pollard, Mergelyan and Achieser
in the 1950’s, all with the aid of some sort of regularization of W. If W <1
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and is even, and is regular in the sense that In1/W(e®) is even and convex,
a simple necessary and sufficient condition for density of the polynomials is
[11, p. 170]

/ lnl/W(x)dgC _

0 14 .’Ez

In particular, for

(1.1) Wa(z) = exp(-|z]*),

the polynomials are dense iff o > 1.

Once the density question had been resolved, the natural next step was to
look for analogues of the Jackson-Bernstein theorems on the degree (or rate) of
approximation. Dzrbasjan took the first steps in the 1950’s, with major strides
being made by Freud and Nevai in the 1970’s. The simplest theorems are the
Jackson-Favard inequalities, which involve the derivative of the function being
approximated. For the weights W,, where @ > 1, and 1 < p < oo, these take
the form

EnfiWalp = Pien7£n It (f — P)W,q ”L,,(]R)

(1.2) <oV F W I, ®):

where P,, is the set of polynomials of degree < n. Here C is independent of f and
n [7, p. 185, (11.3.5)], [20, p. 81, (4.1.5a)]. The rate is best possible for the class
of absolutely continuous functions f with || f'W ||, (g) finite. Freud proved
these for a > 2, and later E. Levin and the author provided the necessary
technical estimates to extend this to all & > 1. More general Jackson type
theorems involving weighted moduli of continuity for various classes of weights
were proved in [2], [5], [7], [8], [10], [16], [17], [20], [23].

One particularly interesting case is @ = 1, namely W1(z) = exp(—|z|). For
this weight Bernstein’s approximation problem has a positive solution, that is,
the polynomials are dense. However, (1.2) suggests that there may not be an
analogue of a Jackson theorem, because n~1+1/* has limit 1, as & — 14. On
the other hand, a result of Freud, Giroux and Rahman [9, p. 360] for L; suggests
that possibly (1.2) is true with n=1*1/¢ replaced by 1/logn.

In a recent paper [18], we characterized those weights on R that admit a
Jackson or Jackson-Favard inequality. In particular, we showed that there is no
Jackson-Favard inequality like (1.2) for the weight exp(—|z|). The reason for
the failure of such a theorem, is that there is no suitable estimate for “tails”.
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There does not exist a function #: [0, 00) — (0, 00) with limit 0 at co, such that
there is an inequality of the form

I WL @y =aap< 0O L F W L, )

valid for all A > 0, and for all absolutely continuous functions f with f(0) = 0.

Despite this inherent problem for the weight W;, Freud, Giroux and Rahman
[9] did establish an L; Jackson theorem back in 1978, by avoiding estimation of
the tail. Their technique was a classical one, that involves Christoffel functions,
and gives estimates for the rate of one-sided weighted L; approximation. They
used the modulus of continuity

o]

a(fe) = swp [ T @ 4B — () @)lda + ¢ 1w

|h|<e J—oco -
and proved that

e e R L

Here C is independent of f and n. More generally, they allowed the tail integral
to be over the range |z| > n'~% any 4 € (0,1). Ditzian, the author, Nevai and
Totik later extended this result [6] to a characterization of smoothness in L,,
also involving higher order moduli of continuity.

In this paper, we establish the first L, analogue of this result, by substantially
modifying techniques from [5]. We also treat higher order moduli of continuity.
The approach involves approximating f by a spline (or piecewise polynomial),
representing the piecewise polynomial in terms of certain characteristic func-
tions, and then approximating the characteristic functions (in a suitable sense)
by polynomials. For unweighted approximation on a bounded interval, this
method has been used extensively [3], [25]. In the weighted setting, this method
has also been used in [2], [17]. All previous attempts by this author to adapt
the technique of [5] in a simple way failed; our novelty here is to use the repro-
ducing kernel for the weight W, to get a peaking kernel, rather than modified
Chebyshev polynomials.

Our modulus of continuity is similar to that in [5], [7], [20], and involves two
parts, a “main part” and a “tail”. The “main part” involves rth symmetric
differences over a suitable interval, and the tail involves an error of weighted
polynomial approximation over the remainder of the real line. Fix

€€ (0,1).
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For h > 0, an interval J, and r > 1, we define the rth symmetric difference

AL(f,z,J) = Z (:) (-1)if(x + fzﬁ - ih),
=0

provided all arguments of f lie in J, and 0 otherwise. Qur rth order modulus
of continuity is

t t

(1.3) ool 020 ::oilffét I W125(F,2 R) |l (—exp(52) exp(252))

tpdnf (= PIWn L, @\ (-exp(ize) +1,exp(255)-1)) -

r—1 t

The inf in the tail is at first disconcerting, but note that it is over polynomials
of degree at most r — 1, not n. Its presence ensures that if w,,(f, Wi,t) = 0,
then f € P._; — as one expects for an rth order modulus. The modulus of
continuity is not easy to assimilate, but still simpler than that for more general
Freud weights [5], [7] let alone those for Erdés weights [2], or for exponential
weights on [—1,1] [17].

Following is our main Jackson theorem:

THEOREM 1: Letr > 1and 0 <p<oo. Let f: R = R and fW; € L,(R). For
p = 00, we also require f to be continuous. For n > Cjs,

(1.4) EnlfiWip < Cl‘*"‘m(f W, 1og(é'2n))’

where C;, j = 1,2,3, do not depend on f or n.

When p > 1, C; can be dropped. It is not clear if it can be dropped for
p < 1. We emphasize that there can be no corollary of the form (1.2) with
n~1*1/* replaced by 1/logn. It is instructive to compare this to the results in
[5, Thm 1.2, p. 102] for W,, @ > 1. The results there become

ELlfs Walp < Crwrp (f, Wmnl/a—l)’
where now
U)’r,p(fa Waat) = Ssup ” WaA,Irz(f)x,R) “Lp(—h'l/(“—”,h—l/(a—l))
0<h<t

+ o (= PIWa |z, @y(-e-1/@-n,p-1/e-ny) -

We also prove a Bernstein type theorem:



Vol. 153, 2006 JACKSON AND BERNSTEIN THEOREMS 197

THEOREM 2: Letr >1and1<p<oo. Let 0 < a <r and fW € L,(R). The
following are equivalent:
(a) Asn — o0,

(1.5) E.[f;W1]p = O((logn)™%).

(b) As h — 0+, both

(1.6) | WiAL(f, 2, R) ||, @)= O(h)
and
(1.7) | W1 Il (el >expa/n) = O(B%)-

For p = 1, this theorem appeared in [6]. The paper is organised as follows:
In Section 2, we present some technical estimates. In Section 3, we present
our crucial approximations to characteristic functions. We prove Theorem 1 in
Section 4 and Theorem 2 in Section 5.

2. Technical lemmas

We begin with some notation that will be used in the sequel. Throughout,
C, Cy, Cs,,... denote positive constants independent of n, x and P € P,.
The same symbol does not necessarily denote the same constant in different
occurrences. In Sections 3 and 4, these constants will be independent of a
parameter 7 as well. We write C # C(L) to indicate that C is independent of
L. The notation ¢, ~ d, means that C; < cn/d, < C; for the relevant range
of n. Similar notation is used for functions and sequences of functions.

We define the Mhaskar—Rakhmanov—Saff numbers a,,, u > 0, for the weight
W1 by

(2.1) Uy =
One of their features is the Mhaskar-Saff identity
I PWi @)=l PWr L (-an,anls

valid for all polynomials P of degree < n [15], [21], [22], [26]. These numbers
play an important descriptive role in all aspects of weighted approximation, and
asymptotics of orthogonal polynomials.

The orthonormal polynomials for the weight W7 are denoted by {p»}. Thus

/00 P (T)Dm (@)W (z)dT = S

-0



198 D. S. LUBINSKY Isr. J. Math.

The positive leading coefficient of p, is v,, and the nth reproducing kernel is

Kalz,t) = 3 py()ps (1)

3=0
(2.2) _ Yn—1 Pr(T)Pp—1(t) — Pn—l(«’c)pn(t)
' Yn z—1 )

The nth Christoffel function is
(2.3) )\n(W2aw) = 1/Kn(z,1).
We begin by listing some known general results associated with the weight
WE:
LEMMA 2.1: Let L >0 and 0 < p < .
(a) Forn > 1 and polynomials P of degree < Ln,
(2.4) | PWE L, ®)< Clogn || PW |1, (r),

where C depends only on p, L, W.
(b) Forn > 1 and polynomials P of degree < Ln,

(2.5) I PW |, )< C Il PWY Ly —an.an] -
Moreover, if r > 1,

(2.6) | PWE L, R\ —armarn) < Cre™ ™ (| PWE L, —an a0 -
Here C,Cy,Cy depend only on p, L, W.

Proof:

(a) For L = 1, this was first proved in Nevai and Totik [24], see also
[26, Theorem VI.5.5, p. 338]. The case of general L follows by a sub-
stitution  — Lz in the integrals defining the L, norm.

(b) Firstly (2.5) is a special case of Theorem 1.8 in [13, p. 469], while (2.6)
follows, for example, from Theorem VI.5.1 in {26, p. 334]. |

Next, we list bounds on orthogonal polynomials, and reproducing kernels:

LEMMA 2.2:
(a) Forn>1andt€eR,

_ t —1/4
27) [paWil(6) < Cn1/2([1 = z|1_| _
n

+ n‘2/3)
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(b) Uniformly for n > 1 and |t| < an(1 + Ln=2/3),

(2.8) Ka(t,)W(t) ~ log 7 Tltl
(c) Forn>1,
(2.9) sup |Kn(z, t)|W1(z)Wi(t) ~ logn
and
(2.10) iglg K,(t,)Wi(t) ~ logn.

(d) Forn > 1 and &,t € [-2a,,2a,),

logn || _oy3\ /4
- et 1 _ /3
[Kn(, Wi ()W () Cl + logn|a: — ¢ (‘ an o )
~1/4
- ~2/3
(2.11) x (‘1 |+ ) .
(e) Let € > 0. There exists C > 0 such that for |t| < n'~¢ and |z — t] <
C/logn,
K, (w t) 1
2.12 > =

Proof: (a) Let ¢ € (0,1). It was shown in [14, Corollary 1.4, p. 222] that for
n > 1 and |z| € [ean, an),

~1/4

Ipa(@)Wi ()] < Cn/2 (|1 - It n=2/%)
n

A sharper asymptotic for p, has been given in {12, Theorem 1.16, p. 303]. For

|z| < €ayn, where ¢ is small, the bound can be deduced from the asymptotic in

[12]. In Theorem 1.16(v) (with 8 = 1 and the range D; there), they establish a

uniform asymptotic of the form

pn(anx)Wl (ana:) = \/;1:(1 ) 1/4(COS ¢n(x) + O(logn>>

valid for z € [—¢,¢]. Here ¢, is an explicitly given real valued function. This
implies
Ipn(2)W1(z)| < Cn/2,  |z| < ean.
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Together these two estimates give for z € [—ay, an],

(2.13) |pi(:v)|‘ (1 - (%)2)2 + n“4/3‘W18(z) <Cn~t.

The polynomial
Pa) =R@((1- (2)) +n7]

is of degree m = 8n +4. As a, for W) is ag, for the weight W§, we can use
Theorem 1.8 in [13, p. 469] to deduce that

| PWP lLo®)S C Il PWY |l (121 <am js(1~Cm-2/3)) -

Since
am/g(]. - Cm_z/g) = an+l/2(1 - Cm'2/3) S Qn,

for large n, we see that (2.13) holds for all z € R. So we obtain (2.7).

(b) The estimate (2.8) for the Christoffel function was established in
(14, Theorem 1.1, p. 221]. (For a smaller range of z, this was established in
the 1978 paper of Freud, Giroux and Rahman [9].)

(¢) Cauchy-Schwarz gives for |z|, |t| < an,

| Kn(z, ) W1 (@)W1 (8)] < [Kn(z, 2)WE (@)]"/?[Ka(t, )WT )]/
< Clogn.

The restricted range inequality Lemma 2.1(b), applied separately in x,¢, then
gives this result for all z,¢t € R. In particular, for all t € R,

K, (t,)Wi(t) < Clogn.

Then we have the upper bounds implicit in (2.9) and (2.10). Finally (2.8) gives
the matching lower bounds required for the ~ relation in (2.9), (2.10).
(d) It is known [19] that

Yn—1
Tn

= 5 an(1+ ()

and more precise asymptotics are given in [12]. Then

Yn—1
Tn

Nn’
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so (a), (c) and the Christoffel-Darboux formula (2.2) give for all z,t € R,

L (- )™

. 23\
X (|1 an\ +n ) }
For |z|, [t| < 2ay, this implies (2.11).
(e) We use (2.9) and the Bernstein-inequality Lemma 2.1(a). For |z —t| < 1,
and some £ between z and t,

| Ky (2, )W ()W (t)] < Cmin { logn,

| Ko (i, ) W1 ()W (t ) — Kn(t, )Wy (z)W1 ()]
=@ - tWi(6) 5 K (@,1) o= W () Wi (2) W1 (2)
<le —thlognigglwx(y)Kn y, )W (2)
< Clz — t|(logn)?.

Since

Kn(t, W1 (2)Wi (t) > CKn(t, ) WE(t) > Cy logn,

for |¢| < n!~¢, we obtain for such ¢,

Kn(z, 1)
>1- - .
R.t0) 2 Clz —t|logn
For
lz —t] < :
= 2Clogn’

we then obtain (2.12). 1

3. Polynomials approximating characteristic functions

Our Jackson theorem is based on polynomial approximations to the character-
istic function x4 of an interval [a,b]. We believe the following result is of
independent interest, because the technique used in [5, Theorem 4.1, p. 117],
based on the peaking polynomials V, ¢, totally fails.

THEOREM 3: Let L,l be even positive integers with L > {+2 and L > gﬂ. Let
g € (0,1). There exists ny such that for n > ng and |7| < n'™¢, there exist
polynomials R,, . of degree at most Ln such that for z € R,

(3.1) Xr,2m1-¢] = B, (@)W (@) /WY (7) < Ci(1 + lognle — 1)~
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We emphasise that the constants ng and C; are independent of n,7,z. The
sequence {logn}32, ~cannot be replaced by a faster growing sequence, as this
would lead to a faster Jackson rate, which would contradict Theorem 2.

LEMMA 3.1: Lete > 0. There exists ng such that forn > ng and0 < 7 < nl—¢,
741
(3.2) Wf"(r)/ K.(s,7)"ds > C(logn)“~1.
-1
Proof: This follows as the integrand is nonnegative, and since for |s — 7|
< C/logn,
1
K,(s,7) > §Kn(7’, ) > CW[%(7)logn,
by (2.8) and (2.12). Here C is independent of s, 7,n. ]
Proof of Theorem 3 for T € [0,n'¢]: We fix 7 € [0,n'~¢] and set
ffl K,(s,7)tds
B fjjl K, (s, T)Lds’

Ry -(x):

a polynomial of degree < L{n — 1) + 1 < Ln. We also set
A(2) = |Xjr2n1-<] = B, (@)W (2) /W (7),

and consider several different ranges of z, taking account of whether z < 7 or
x > 7, and whether or not z € [r,2n!~%]. We frequently use the fact that for

s}, 7] € 3an = Fn, Lemma 2.2(d) simplifies to

logn
. <—mm——.

3.3) Ko, IR (4 (7) € Ol —

RANGEL: z€[0,7)
Here

Wy (z)E Wi (1)t ffl Kn(s,7)lds
)=
Wi(r)2L [T Ko(s,7)Eds
T 1 L
< - L(s—z)
< C(logn) /_1 (1 + logn|s — Tl) ¢ ds,
by Lemma 3.1, and (3.3). We have also used the fact that Wlil are bounded in
[-1,0]. We continue this as

x 1 L
< C(logn) /_oo (—1 T Togn(r = s)) ds
< C(1 +logn(r — z)) "L+,

recall that 7 > z. Since L > £ + 2, we obtain (3.1).
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RANGE II: z€[r,7+1)
Here for n large enough, as 7 +1 < %an, and 7 +1 < 2n'~¢, Lemma 3.1 and
(3.3) again give
Wi (2)EWh(r)E [T Ko(s, m)ds
W (r)2L f_T;H K. (s,7)tds

741 L
S C(logn) / (;> €L(s_x)d8
z

Az) =

1+logn|s — 7|
C(logn) /°° 1 2
< - -
~ (+logn(z—7))r2 J_o (1+logn|s—r|) dz
c

<

~ (1+logn(z — 1))’
asL>{¢+2.
RANGE III: z € (7 +1,2n'~¢]

We assume that n is so large that 2n'~¢ < la,. Here Lemma 3.1 and (3.3)

again give
Wl(x)LW1(T)L Jrs1 Kn(s,7)tds

T)2L fTHK (s,7)Lds
z L
< C(logn)/ (—————L—————) els=2)ds

41 M\l +logn|s — 7|
etr
(1+110gn)Lf_°20 CL(S z)ds ]
1
Himmogarmy) S (g s

_ Tz 1 L-2
< Cllogm)™+'¢" +C('1W) '
2

Az) =

< C(logn) [

Lu,, L—

Since the function e~ %u%~2 is bounded for u € [%, ), 5, We can

continue this as
< Clogn) "2z — r|~1+2

< C(1+logn|z —7))7%
recall that L > £+ 2.
RANGE IV: z € (2n!7¢,24q,]
Here we split
Wi (2) E W (r f++f,_+_,+f1 VK o(s, 7)lds

Wl(‘r )2k f:jl K, s,T)Lds
=T+ T+ T;.

Ax) =
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Ifz< %an, we drop the third integral and replace %an by z in the integral in
T,. The terms Ty and T3 can be handled much as before, using Lemma 3.1 and
(3.3). We also use that x — 7 > /2 > nl ¢,

mm{x,2a,.} 1 L
Ty < - - L{s—z)
T, + T, < C(logn) (/ / ) 1+1ogn|s—‘rl) e ds

2 1 L-2
< Cfi el{s—o) -
<ctesn [ ” e+ (T ogme)

) 1 2
% /m_}-_’r (1 +logn|s—7'|) ds]

. 1 L—2
< C(logn)el ™= + C(TognlETO
2

e 1 L—2
< l —Lnl /2
< C(logn)e +C(-—_1+logn|’”—§l|)

< C(1+logn|z —7)7¢,
since L > £+ 2 and
1+logn|z — 7| < Cnlogn.

Next, in T3, we cannot drop the factor involving |1 — |s|/ax| + n~2/3 from the

estimate in (2.11), but s — 7 > %an —n'"f ~n,s0

z ((Il _ ig}l +n2/3)-1/4

L
T3 < C(logn)/ ) ekl ds

lan 1+lognis — 7|
1/6 (L f<T
< C(logn) (nqogn) / ICER
—00

C(logn)l‘Ln_%L

<
< C(nlogn)~* < C(1 + (logn)jz — 7]) %,

as 3L >(and L > €+ 1, while |z — 7| < Cn.

RANGE V:  z € [-1ay,,0)
Here
Wl(ac)LW1 ELf2, Kn(s,T) Lds]
2L f:+1 Kn(S,T)

° 1 L r—8
(3.4) 50(10gn)|/~1 (1+10gn(|5|+‘r)) eL@=9)gg.

Az) =
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If z € [-1,0], we have |s| > z in the integral, so we continue this as

1 L-2 [% 1 2
s C(logn)(l + log n{|z| +1‘)) /1 (H—Tgn[s[) ds

< C(1+lognje —7))7"

If z € [-an, —1], we instead continue (3.4) as

( 1 )L—2 Lz/2 1

e/ [ 2oy 48

1 L-2 1 L=2 |

| Py o z/2 )
(3.5) —C((1+logn(|:c|+r)) +<1+logn(1+f)) )

Here we have as ¢ < —1,

—2 rz/2
A(Q)SC(logn)< (W)L 2/, (m)2ds )

1+log n(1+71)

6Lz/2 < C(l + le)—(L—?)
while

(A +[z)A+7) > ||+,
and hence we can continue (3.5) as

1
1+logn(|z|+ 7

L-2 ¢
A <o )) < O(1 + (logn)|z — 7))~
RANGE VI: 7 € [—2an, —1an)
Here

Wi(@) Wi (O[T + [T Ko (s, 7)Eds

—-za,. T

fle) = Wi(r)2L [TH K, (s,7)Lds

(36) =T +T15.

As before,

1 L2 -1 1 2
< Lz/2 e
Tl—C(log")(1+logn(1+r)) ) x/l (1+1Ogn|8|) &

~la,
1

C(l +logn(l + )
1
C(l + logn(|z| + 1)

) el

IN

L-2
) < C(1+ (logn)|z — 7)7%

IA
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Next,

T, < C(l )/_%a" <('1‘E|+”‘2/3)‘1/4
2 5 Losn z 1+ logn(|s| + 7)

1/6 ([ po©
< (logn)( n ) ele=9) g
nlogn z

L
) eL(cc—s)dS

C
< C(logn)l—Ln—%L
< C(nlogn)~¢ < C(1 + (logn)|z — 7|)~%.
In summary, we have proved that for z € [—2ay,, 2a,],

Xr 2nt=e] = Ru | (@)W (@)/Wi (1) < C(1+ (logn)|z — 7[)~*.

Since X(n1-¢) vanishes outside [r,2n!~] and Wi (z)/Wl(r) < 1 for 2 €
[r,2n'~¢], this also gives

|Rn,T(ZL‘)W1_L(T)iW1L () <C, z € [-2an,2a,),
for some C independent of z,7,n. Then, recalling that as, = 2a,,
x n
‘(_) Rn,'r(x)Wl—L(T) WIL(x) S C, TE [_a2n,a2n]-
Qa2n

As (z/az,)"Rn - (z) has degree < (L + 1)n = §L2n, with 6 = (L +1)/2L < 1
(2.6) of Lemma 2.1(b) then gives

|(@/azn)™ Ra,r (@)W H ()W (2) S €77, || 2 azn.
Then for |z| > 2a,, we obtain

|Rp - (2)W; L (7)|WE (z) < e~ Crnnlogllzl/azn)
< C(1 + (logn)jz — 7)) %

Thus (3.1) is true for all z € R. |

Proof of Theorem 3 for negative 7: Let 7 € (0,n!~¢]. We set
Ry _+(z):=1-Rp.(—2), z€R

Note the identity

X[—T,2n1—5](w) =1- X(‘r,?nl‘f](_x)v RS [_2'"'1_6’2"1—6]'
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Then for |z| < 2n'™¢, z # —7,

|X[r,201-)(%) = R 7 (2)|W (2) /W) (=)
= |x(r2n1-)(—%) = R ()W (—2)/W{ (7)
< C(1 +logn|(~z) ~ 7)f
=C(1 +logn|z — (=7)))%.

This estimate also holds for z = —, since R, . is continuous. For |z| > 2n'~¢,

IX(=r,2n1-2)(2) = R, —+ (@)WY (2)/ W (=)
= |1 = Ry (=2)|W{ (2)/W{ (1)

(3.7)
< W (2)/WH (1) + |Ru, (=)W (—2) /W (7)
< C(L+lognlz = (=7)))",
by what we proved for 7 > 0, and since |z| — 7 > |z}/2 > n!™¢. n

Remark: In [5, p. 118, last line], there was a small mistake: the 1 inside the
modulus was omitted in the analogue of (3.7). But this is easily fixed. 1

In the next section, we shall use the following consequence of Theorem 3:

THEOREM 4: Let £ be an even positive integer, A > 1 and ¢ € (0,1). There
exist L > 0 and ng such that for n > ng and |t| < n'™¢, there exist polynomials
Sn,r of degree at most Ln such that for v € R,

(3.8) IX[r, an1-¢] = Sn,r | (@)W1 (2) /Wi (7) < C1(1 +logn|z — 7]) 7"
Here C; is independent of n, 7, x.
Proof: By Theorem 3, there exist polynomials R,, » of degree< Ln with
X(r2n1-<1(%) = Bax (2)|e” M < Oy (1 4+ logmle — 7) ¢,
for all x € R. We now make the substitutions
y=1Lz; o=L1; Sno(y) = Rnr(2).

As
X[‘r,?nl—s](x) = X[a,?Ln“f](y)7
we obtain for y € R, |o| < Ln!~¢,

(3.9) X(o,20m1-c] (%) = Sn,o @)l(z)e 1171 < C1(1 + log nly — o) ~*.
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In Theorem 3, L could be as large as we please. We assume L > A/2 and
restrict |o| < n'7¢. We obtain for y € R\(4An'~¢,2Ln'~¢], and such o,

(3.10)  |X(o,an1-¢](¥) — Sn.oc(W)|(@)Wi(y)/Wi(0) < C1(1 +lognly — o))~
For y € (An'~%,2Ln'~¢], we obtain instead from (3.9),
[X{o,an1~<](¥) = Sn,o (NI(@)W1(y)/W1(0) = |Sn,0 (¥)|(z)W1(y)/ Wi (o)

< e Wl L ¢ (1 +lognly - o) 7%

Since . A1
- - = ey
y—o2 (1-5)y2 ——n'",

we again get (3.10). Thus (3.10) holds for all y € R. Finally, replace ¢ by 7 and
y by z to get the result. |

4. Proof of Theorem 1

In this section, we prove Theorem 1. We need some unweighted, semi-classical
moduli of continuity. If I is an interval, and f: I — R, we define for ¢ > 0,
0<p< o,

1/p
Arolft,1) = sup ( / IAZ(f,:c,I)I”dw)
o<h<t \J1

and its averaged cousin

t 1/p
D p(fit,1) = ('1‘/0 /I|A§(f,$,f)|pdzds> .

(There are obvious modifications if p = 00.) Note that for some C;, Cy depend-
ing only on r and p (not on f, I, t) [4], {25, Lemma 7.2, p. 191],

(4.1) C1 <A (£,8,1)/Qrp(f,4,1) < .

For large enough n, we choose a partition by equally spaced points,

1— -
T = < Tip < < Ty =0 E,

where foreach 0 < j <m -1,

2n1—€

Titin — Tjm = h = Tloni—<Togn]

and where [z] denotes the greatest integer < z. Since mh = 2n!~¢, we see that

m = [10n' ¢ log n



Vol. 153, 2006 JACKSON AND BERNSTEIN THEOREMS 209

and
1 1

<h< :
5logn =  ~ 5logn - 1/(2n!~¢)

We set
Din = [Tkns Tet1n], 0<k<m—1,
so that for k < m — 1, and large n,
1
5logn
(/1| denotes the length of the interval I.) We also set Iy := Ip—1,n. Let us set

(4'2) S |Ikn| S

4logn’

m—1
I, :=[-n'"%,n'"%] = U Itn
k=0

and
Gkn(x) = X[Tkn,2n1_‘](x) = X(nl-¢,2nl-¢] + XU:’;;I Lin (*T)
We set
I;n = IanIIH-l,'na OSkSm'“l,
and I}, = I}, ,. By Whitney’s theorem [25, p. 195], we can find a polynomial
py of degree at most r, such that
(4.3) | f = ok llLyrp) S Colrp (3 iRl Iin) < CaQrp(F 1T |5 IRn)

with Cy,C3 independent of f,n,k, I} .
Now define an approximating piecewise polynomial/spline by

m—1

(44)  La[f)(®) := po(@)00n(2) + Y (P = Ph-1)(@)8kn () = Prm—10mn (2).

k=1

We first show that L,[f] is a good approximation to f:

LEMMA 4.1: For 0 < p < o0,
(4.5)

1/(2logn)
1 (f = Lalf)Wi I3, @< Cillogn /0 | WAD(F, 2, B) 12 e rey ds

+ ” le ||1[),p(|,;|2n1—e)]-

Here C; # Cj(f,n), j = 1,2,3. For p = o0, (4.5) holds if we remove the
exponents p.

Proof: We first deal with p < co. Now

m
46) I (f = LalfDWL IIE, @)= D Agn+ | FW 11T o mae pma =]y

=0
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where for 0 < j <m —1,
Bjni= [ 11 = LlAPWE,

while

1—¢

2n
A = / | = La[fIPWY.

1—¢
Note that for j < m—1,in (Tjn, Tjt1,n), Lalf] = pj, so that Whitney’s Theorem
(4.3) gives

S= [ A-nw
Iin

S” W, “11)4@0(1]'“) Cgﬂf ( I I’I]*n)
W12 W I II* I/ / Wi AL(f,z, I;,)|Pda ds.

Since C/(logn) < |I},| < 1/(2logn), we can continue this as

1/(2logn)
<Cs logn/ / W1 AL(f, 2, 17,)|Pdz ds.
0 2

Adding over j gives

m—1

1/(2logn)
(4.7 ZA logn/0 oo / (W1 AL(f, z,R)|Pdz ds.

Jj=0

Next, in (n'~¢,2n1~¢), L,[f] =0, so
1—¢

2n
A, = / A

1—-¢

This, (4.6) and (4.7) give the result. Note that we have also effectively shown
that
(4 8)

1/(2logn)
Z O (£l L) WE (in) < Cs logn/ / |WLAL(f, z, R)|Pdzds.
0

For p = 0o, the proof is similar, but easier: We see that

| (f=LalfDW1 |1 (m)

< max{0<m<ax | (f =)W1 lb(t;n) Il FWL L ciziznt-o) }-
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The rest of the proof is as before. ]

Now we can define our polynomial approximation to f:

m—1
Pu[f] = po(2)Sn, .., (T) + Z P — Pr—1)(%)Sn,ren (2) = Pm-15n,700 (2)-
k=1

Note that this has been formed from L,[f] of (4.4) by replacing the characteristic
function 0in(2) = X(ry,,2n1-<)() by its polynomial approximation Sy -, (z)
from Theorem 4 with A = 2. We shall assume that ¢ in Theorem 4 is chosen
large enough (depending only on r,p) and then L accordingly.

LEMMA 4.2: For 0 < p < o0,
(4.9)

(Lnlf] = PulfDW1 I, @) < Cf sup | Wi AL, 2, R) (|, [—n1—c n1-e]
0<h<1/(2logn)

+ 1 W lle,aey + L WL L, az ) )
Proof: We see that if we define p_;(z) =0, and p,,(z) =0,

(410)  (Lalf] - PalN(@) =D _(px = Pr-1) (@) (Bkn(2) = Snrin (2))-
k=0

We shall make substantial use of the following inequality: let S be a polynomial
of degree at most 7, and [a, b] be a real interval. Then for all z € R,

_ min{|z — al, |z — b|}\"
S < 00— ay /(1 e B Z A ITy gy, )

Here C # C(a,b,z,S) but C = C(p,r). This follows from standard Nikolskii
inequalities and the Bernstein—-Walsh inequality. See, for example, [25, p. 193]
for the relevant Nikolskii inequality. Hence for z € R, and 1 < k <m — 1,

(4.11) |px = pe—1|(z) < Clogn)"/P(1 +logn|z — meal)” Il Pk = Pr—t Il (1) -
This is still true for K = 0 and k = m if we recall that p_; = 0 = pp,. Now for
1<k<m-1,(4.3) gives

I 2k = pr—1 |2, (1) < Ch Z Qrp(FH1L) 1)

i=k—1

where C; # Ci(f,k,n). For k =0, we instead obtain

| 2 = Po—1 |2, (1) S Crp(f, 1150 I )+ 1 F e,
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and, for k = m, we instead obtain

| px = Pe—1 |2, (1) < Crp(Fs I nbs Iy n)+ U NLpian ) -

For notational convenience, we set

Qrp(fi 1121 o 12y ) =1 F e, a5
Qo (fs s T = F Nz, s
(412) T-1,n = T0,n-

Since uniformly in k, n, and z € R,
1 +logn|z — Tk ul ~ 1+ logn|z — Ti—1,al,

we obtain from (4.11) and Theorem 4, uniformly for 0 < k£ <m and z € R,

[Pk — Pit) (@) Brn(a) — sn,fkn<x))|%
(4.13) k
< Calogn)/? > (1 +logn|z — 7anl) ™ Qrp(f, |1l Iin)-

i=k—1

We consider three different ranges of p:
MHo<px<1
Here from (4.10) and then (4.13),

/R (Ealf) = PAAWEY <3 / (b — PectllBin = Sran [W2)?

<Clogn Z Q2 (s 1 Tonls Ten) W (Tin)
k=-1

X /(1 +logn|z — Thn|) " OPdz.
R
Here if £ is so large that (r — £)p < -1,
logn/(l +logn|z — Tin|) " 9Pdz = /(1 + |u)"IPdu =: C3 < oo.
R R

So assuming this,

[0l = B < Co 35 O il )W )

k=-1
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This is the same as the sum in (4.8), except for the terms for k = —1 and k = m.
So the estimate (4.8) gives the estimate (4.9), keeping in mind our conventions
(4.12).

(I)1<p<

From (4.10) and (4.13) and then Holder’s inequality,
{ILalf] = Palfll(2)W1 (2)}?

m—1

<Clogn{ >_ (1 +logn|z — 1)) Qrp (£, | linl, i) Wi (i) }?
k=-1
m—1

<Clogn Y (1 +logn|z — 7q|)"~07/2
k=-1

(4'14) x er),p(f» III:nlv Il:n)Wlp(Tkn) ' o.n(a:)p/q

where ¢ := p/(p— 1) and
m~-1

on(z) Z(l-i-lognlac—-r,c |(r—8a/2,
k=0

We shall show that if (r — €)¢/2 < —1, then

(4.15) supsup op(z) < C1 < 0.
n>1z€eR

Note that o,(z) is a decreasing function of z for £ > 7y, and increasing for
T < Ton, S0 it suffices to consider z € [Ton, Tim,n]- Recall that for K <m ~ 1,

|Ikn| ~ l/logn~

It is then not difficult to see that

nl—e

on(z) < Clogn/ (1+logn|z — T[)(’"Z)Qﬂdr
—npl—¢
%
< Clogn/ (1 +lognlz — 7))"99%dr = C,
—00

as (r — £)g/2 < —1. Now assume also (r — £)p/2 < —1. Then integrating (4.14)
and using (4.8), (4.15) gives our result.

(IIT) p= o0
Now
|Lalf] = Pulfll@)W1(2) < C Y Ik = Pr-1}(@)I6kn — Snmin | (@) Wi (2)

k=0

m—1
< C_ln<1%)<c Qo (f, Hin s Iin )W (7kn) I;) (1 +lognlz — 7)™~
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As before, the sum is bounded if ¢ is large enough. Then we can continue this

as
<C{ sup  sup || AR 3 L) Wa s,
0<k<m—10<h<]l;, |
Wi llewg) + WL e}

<Cy{ sup sup | AR (f 2, L)W Loz,
0<k<m—-10<h<1/(2logn)

Wi g,y + 1 FWL L)}

< 03{ sup “ AZ(f7x7R)W1 “Loo(—nl_synl—E)
0<h<1/(2logn)

Wi ey 1 WL s} B
We can now turn to the
Proof of Theorem 1: Recall that S, , has degree at most Ln, so P,[f] has
degree at most Ln + r < 2Ln, for n > r. So, for such n,
EapalfsWalp <II(f = BalfDW1 |2, ®)
SO (f = LalfDWh Iz, m) + |l (Lalf] = PulfDW1 N, )}

< Cl{ sup ” AZ(f,IL‘,R)Wl ”LP(_nl—e’nl-—s)
0<h<1/2logn

+ WL L, (e >nt=c=1/10g n) }»
by Lemmas 4.1 and 4.2. For large enough k&, choose n such that

2In <k <2L(n+1).

Here

while for large enough &,
1 < 1
2logn ~ (logk/2L)"

(The lower bound on % is independent of f.) Thus with ¢; = 1/2L, we have

Elc[f; Wl]p < E2Ln[f§ Wl]p

<C{ sup | AL 2, RYWL L (= (cok)t=< (cok)i=<)
0<h<1/log(cok)

+ WL, o1z (coty--1)}
1
= Cle’P(fvw )

" log cok
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5. Proof of Theorem 2
We begin with some simple estimates:

LEMMA 5.1: Let1 <p<ooandr>1.
(a) For |p} <1,

(5.1) | AL (f, 2, RWy (I, )< C Il WL I, ®)s

where C is independent of f and h.
(b) If fW; € L,(R) and f("=Y) is absolutely continuous, then for h € R,

(5.2) | A% (f,2, BW: ||, &)< CIAT | FOW1 I, @),
where C is independent of f and h.

Proof: (a) For p < o0,
Il A, (f z,R)yW, “L »(R)

:/: ;(:)(—l)if(a:+%—ih)p
30;/—00’1‘ x+——zh>l wp(a +~2——zh)d
=Cr+ 1)1 M} &) -

We have used here that |h| < 1, and the fact that for [t—z| < 1, Wy (t) < eW;(z).
The case p = oo is easier.
(b) Assume p < 0o and 7 = 1, and let ¢ = p/(p — 1). Then

z+h/2
/ f(s)ds

~h/2

o0 z+h/2
s/IW“/ |F/(s)Pds
-0 r—

h/2

scwm“/ |/ (5)W () Pds,

§ (z)dz

P
WP(z)dx

o0

I At 2B I, = [

—00

WP (z)dz

by first Holder’s inequality and then Fubini’s Theorem. Taking pth roots gives
the result for » = 1. Induction then gives the case of general 7. Again, the case
p = 00 is easier. |

Proof of Theorem 2: (b)=>(a) Let ¢ € (0,%). With 0 < h < 1/logn, and C;
as in (1.4), (1.6) gives

| AL (f, 2, RYW1 |1, (~(Can)i-¢ (Canyr-)= O((log n)™%)
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while (1.7) with h = 2/logn gives

| fW1 ll1, (2] 3n172y= O((logn)™%).

Applying Theorem 1 gives (1.5).
(a)=(b) We proceed as in [6].

Proof of (1.6): For k > 0, let P; be a polynomial of degree < & such that
(5.3) | (f = P-)Wh ||, ®)< Cllog(k +2))~°,
where C is independent of k. Let 0 < h < 1. Choose m > 1 such that
27™m < h < 2tmm
and let
n:=2"".
We have

| AL(f, 2, RWL ||, m)

5.4
&4 < AL(S = Py, W Iz + 1| A5 (Por s R 1, x) -

By Lemma 5.1(a),

| AR(f = Po,z, WL |, ®) < C || (f = Po)Wh ||, ®)
(5.5) < C(logn)~* < C27 ™,

Moreover, by Lemma 5.1(b), if we set P,,-1 := P,

” ATI;(me’R)WI ”L,,(R) :” Z A;(Pﬁk - P22’°—17x7R)W1 ”LP(R)
k=0

m
< Ch" Z Il (Pzzk - Pzﬁk‘l)(r)Wl “L,,(]R) :
k=0

Using the Bernstein inequality Lemma 2.1(a), and then (5.3), we continue this
as

m
< Ch™ Y 28 || (Pyar = Ppas—1 )W I, m)
k=0

< Ch" Z2kr2—ka < ChTQm(T_a) < Co~me,
k=0
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(Recall that 7 > a.) Combined with (5.4) and (5.5), this gives
| AL(f, 2, AWy ||, ®)< C27™* < Ch®.

So we have (1.6).

Proof of (1.7): Assume that h > 0 is so small that exp(1/h) < 16mw. Choose M
such that for
n=22"

we have

(5.6) agn < exp(1/h) < 77 1a3,.

Note that this is possible, since it is equivalent to
m22" <exp(l/h) < T

We have

(57 I FW1 Lz, etz exp(1/n))
< (f = Po)Wh I, (zlzexp1/m)) + | PaWi L, (122 exp(1/m)) -

Here by (5.3),
(5.8) | (f = Po)W1 |1, (el zexp1/n)) S c2~Me,
Moreover, by Lemma 2.1(b), and (5.6),

| PaWi |1, (el exp1/n)) I PaWh L, (12]2020)
< exp(~Cin) || PaWi |1, @)

<exp(=Cin)(| (f = Po )W ) + | fW1 I, )
< exp(=C1n)(C27M+ || fWh |1, ®))-

Together with (5.7) and (5.8), this gives

I fWe Iz, oimexpi/mp< €27 M2 < CRY. @
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